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Abstract
We give a new criterion of 1-convexity for complex spaces which are holomorphically spreadable
at infinity in terms of H 1(X,OX) and 1-convexity of its principal hypersurfaces.
 2004 Elsevier SAS. All rights reserved.
Résumé
On donne une nouvelle caractérisation pour qu’un espace complexe holomorphiquement séparé a
l’infini soit 1-convex en termes de H 1(X,OX) et la 1-convexité des hypersurfaces principales.
 2004 Elsevier SAS. All rights reserved.
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1. Introduction
Let X be a reduced complex space. Recall that, according to Andreotti and Grauert [2]
and Narasimhan [9], the space X is said to be 1-convex if it satisfies one of the following
equivalent conditions:
(a) There exists a continuous exhaustion function ϕ :X → R which is strongly plurisub-
harmonic outside a compact set.
(b) The cohomology group Hi(X,F) has finite dimension (as complex vector space), for
any coherent OX-module F and any integer i  1.
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(c) X is holomorphically convex and has a maximally compact analytic set.
(d) X is a proper modification of a Stein space at a finite set, i.e., there exist a Stein
space Y , a proper holomorphic map π :X → Y , and a finite set B ⊂ Y such that
π∗(OX) OY and X \ π−1(B) is biholomorphic to Y \ B via π .
(The space Y is the Remmert’s reduction of X and the degeneracy set of π ,
S := {x ∈ X; dimx π−1(π(x)) > 0}, which is analytic, is the exceptional set of X.)
It is worth noticing that the above assertions are equivalent for not necessarily reduced
complex spaces. This can be seen as follows. The implication (a) ⇒ (b) is, mutatis mu-
tandis, in [2], (b) ⇒ (c) follows similarly as in [9], (c) and (d) are equivalent by [11], and
(d) ⇒ (a) is obvious.
Here we give a new characterization of 1-convexity (for definitions see Section 2).
Theorem 1. A reduced complex space X of finite dimension is 1-convex if the following
three conditions are satisfied:
(1) The space X is holomorphically spreadable at infinity.
(2) The cohomology group H 1(X,OX) has finite dimension (as complex vector space).
(3) There exists a holomorphic function f on X such that, for any t ∈ C, f−1(t) is
1-convex.
Corollary 1. Let X be a complex surface which is holomorphically spreadable at infinity.
Then X is 1-convex if and only if H 1(X,OX) has finite dimension.
Remarks. (1) In Theorem 1 the impact of condition (1) on (3) is that there exists a finite
set Λ ⊂ C such that f−1(t) is Stein, for any t ∈ C \ Λ. This follows by the subsequent
Lemma 3. Conversely, the existence of f with these properties and (2) implies condi-
tion (1). See Lemma 4.
(2) A weaker version of Theorem 1 is also stated in [10] where condition (3) is replaced
by:
(3′) The hypersurface f−1(0) is 1-convex, for any holomorphic function f on X which is
non-constant on any non-compact irreducible component of X.
However, in our opinion, the given proof contains a gap. Keeping the notations as
in [10], we let W(X) be the set of holomorphic functions h on X which are non-constant
on any non-compact irreducible component of X and such that, for any t ∈ C, h−1(t) is
1-convex.
Let f,h ∈ W(X) such that hH 1(X,OX) = 0. Lemma 2.4 in [10] produces, for any
g ∈OX(X), controlled extensions of (h2g)|Xt , where Xt = {f = t}. If we let Γ ⊂ X be
the analytic set given as the common zero sets of functions h ∈ W(X) which annihilates
H 1(X,OX), then their proof amounts to show that, for any compact K ⊂ X, K̂ \Γ is rela-
tively compact in X. Thus we are left with an analysis of the set Γ which is not considered.
(A posteriori, we may show that Γ is compact!)
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Our approach to prove Theorem 1 is to reduce it via the subsequent Lemmas 1, 3 and 4
to:
Theorem 2. A reduced complex space X of finite dimension is Stein provided that the
following two conditions hold:
() The cohomology group H 1(X,OX) has finite dimension (as complex vector space).
() There exists a holomorphic function f on X such that f−1(t) is Stein, for any t ∈ C.
Note that condition () implies easily the vanishing of H 1(X,OX) as follows by
Lemma 4. On the other hand, Theorem 2 with H 1(X,OX) = 0 instead of () is contained
“between the lines” in [8] and was intended as a preparatory result towards the main theo-
rem (see [8, Théorème 1]). Unfortunately, this more general theorem has a gap (the given
proof by induction on dimension fails since at the final step one has to deal with not nec-
essarily reduced structures so that the induction procedure cannot be applied). For the sake
of completeness we include a proof of Theorem 2 in Section 3.
We shall apply Theorem 2 and the subsequent Proposition 1 to improve a recent result
[1, Theorem 4] for the case of affine spaces, viz.:
Theorem 3. Let π :E → X be an affine space over a complex space X. Suppose that
H 1(E,OE) has finite dimension and there exists f ∈OX(X) with all fibres Stein. Then E
is Stein.
2. Preliminaries
Let (X,OX) be a complex space (reduced and with countable topology). A compact
analytic set Σ ⊂ X with no isolated point is said to be:
• the maximally compact analytic set of X if Σ contains any compact irreducible ana-
lytic set in X of positive dimension;
• exceptional (in X) if there exist a complex space Y and a proper holomorphic map
ρ :X → Y such that ρ(Σ) is finite, ρ∗(OX)  OY , and X \ Σ is biholomorphic to
Y \ ρ(Σ) via ρ. ρ is called the contraction map (of Σ).
Lemma 1. Let ρ :X → Y be the contraction of an exceptional set Σ ⊂ X and q an integer.
Then Hq(X,OX) has finite dimension if and only if the same is true for Hq(Y,OY ).
Proof. This is a standard consequence of the five lemmas for a canonical commutative
diagram induced by ρ and the Mayer–Vietoris sequences for X = (X \ Σ) ∪ ρ−1(V ) and
Y = (Y \ ρ(Σ))∪ V , where V is a Stein open neighborhood of ρ(Σ). 
Let X be a complex space. Recall that X is said to be holomorphically spreadable [6] (or
K-complete according to Grauert [5]) if, for any point x0 ∈ X, there exists a holomorphic
map F :X → CN , N = N(x0), such that the fiber F−1(F (x0)) contains x0 as an is isolated
point. Thus x0 admits an open neighborhood U 	 x0 such that F induces by restriction a
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discrete map from U into CN . We also say that x0 admits a local parametrization by global
holomorphic functions.
Now, for a reduced complex space X consider the subset ΣX of X of all points which do
not admit local parametrization by global holomorphic functions. Clearly ΣX is a closed
set. Moreover, we prove:
Lemma 2. The set ΣX is analytic and has no isolated point.
Proof. In order to do this we recall [3, p. 137] the following fact: Let f :Y → Z be a
holomorphic map between complex spaces and k a positive integer. Then the subset of Y
given by,
Σk(f ) :=
{
y ∈ Y ; dim
y
f−1
(
f (y)
)
 k
}
,
is analytic.
We deduce readily that ΣX equals the intersection of Σ1(F ) performed for all holomor-
phic maps from X into Cm when m runs through the set of positive integers. 
Therefore a complex space X is holomorphically spreadable if and only if ΣX is the
empty set. If ΣX is compact we say that X is holomorphically spreadable at infinity. In
that case we prove:
Lemma 3. Let X be holomorphically spreadable at infinity. Then ΣX is exceptional in X;
a fortiori ΣX is the maximally compact analytic set of X.
Proof. It suffices to show that ΣX has an open neighborhood in which ΣX is excep-
tional. For this, take U  X be an open neighborhood of ΣX ; there are finitely many
holomorphic maps Fj :X → Cmj , j = 1, . . . , k, such that ΣX = (⋂kj=1 Σ1(Fj )) ∩ U .
Thus F := (F1, . . . ,Fk) :X → Cm, m := m1 + · · · + mk , is discrete on U \ ΣX . There
exists W U , an open neighborhood of ΣX , such that ∂W ∩F−1(F (ΣX)) = ∅; then take
V ⊂ Cm be a Stein open neighborhood of F(ΣX) with V ∩ F(∂W) = ∅. It follows that
F induces a proper map from Ω := W ∩ F−1(V ) into V . Hence Ω is holomorphically
convex and, as Ω admits a maximally compact analytic set, namely ΣX , Ω is 1-convex
and ΣX is its exceptional set, whence the lemma. 
Lemma 4. Let X be a complex space such that the following conditions are satisfied:
(1) The vector space H 1(X,OX) has finite dimension.
(2) There exists f ∈OX(X) such that the underlying analytic set Xt of f−1(t) is 1-convex,
for any t ∈ C.
Then ΣX equals the union of the exceptional sets Σt of Xt , t ∈ C. Moreover, if every fibre
of f is Stein, then H 1(X,OX) vanishes.
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Proof. Let ρt :OX(X) →OXt (Xt ) be the canonical restriction map, where on Xt we con-
sider the reduced structure. By using the standard machinery of cohomology associated to
the short exact sequences derived from the OX-morphism OX → OX given by multipli-
cation with f − t , it is straightforward to check that Imρt ⊂ OXt (Xt ) is a subalgebra of
finite codimension. Furthermore, if for some t ∈ C, f−1(t) is Stein (or equivalently Xt is
Stein), then ρt is surjective.
Then we claim that Xt is Imρt -convex. This can be done by reductio ad absurdum using
the above property of Imρt and two standard facts, namely:
• For any 1-convex space Z and any discrete infinite sequence {zν}ν in Z, the evaluation
map from Z into C∞, h → {h(xν)}ν , has finite codimension.
• The space l∞ of bounded sequences has infinite codimension in C∞.
Let now S be the union of the exceptional sets Σt of Xt , t ∈ C. Take x0 ∈ X \ S; hence
x0 ∈ Xt \ Σt , where t = f (x0). In view of the above claim, there are h′1, . . . , h′m ∈ Imρt
such that h′ := (h′1, . . . , h′m) :Xt → Cm contains x0 isolated in its fibre. Since h′j comes
from hj ∈OX(X), adding f we get F := (f,h1, . . . , hm) :X → Cm+1 which contains x0
isolated in its fibre F−1(F (x0)). Thus ΣX ⊂ S. On the other hand, if x0 ∈ X \ ΣX , there
exists an holomorphic map G :X → Cm such that x0 isolated in its fibre G−1(G(x0));
hence x0 /∈ Σt0, t0 := f (x0), so that x0 ∈ X \ S. The first part of the lemma follows.
For “moreover”, we note that there exists a non-constant holomorphic polynomial in
one variable P such that P(f ) annihilates H 1(X,OX). Since P(f ), as a holomorphic
function on X, has all fibres Stein, the morphism µ :OX → OX given by multiplication
with P(f ) induces in cohomology a surjective morphism µ∗ :H 1(X,OX) → H 1(X,OX)
which results bijective; and since the image of µ∗ is just P(f )H 1(X,OX), the lemma
follows. 
Let E and X be complex spaces. We say that E is an affine space over X if there
exists an holomorphic map π :E → X such that, for any point x0 ∈ X, there is an open
neighborhood U ⊂ X of x0 and a holomorphic map f :U × Cm → Cn (m and n may
depend on x0) with the following properties:
(i) For any x ∈ U , the partial map f (x, ·) :Cm → Cn is affine, and
(ii) π−1(U) is biholomorphic to f−1(0).
Note that if in (i) we require f (x, ·) to be linear, we recover the well-known notion of a
linear space (see [3]).
Recall that, in contrast with the linear case, if E is an affine space over a complex space
X and E is Stein, then X does not follow Stein. For instance, over X := C2\{0} we produce
an affine space E by identifying (z1, z2, t) ∈ (C×C∗)×C with (w1,w2, s) ∈ (C∗×C)×C
if and only if z1 = w1, z2 = w2 and s = t + 1/z1z2. It is easily seen that E embeds in C4
so that it is Stein.
Here we show the subsequent proposition (cf. the corresponding result in [1]).
Proposition 1. Let π :E → X be an affine space with X Stein. Then E is Stein.
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Proof. For any non-negative integer r , consider on Cr the strongly plurisubharmonic func-
r 2 rtion ψr :C → R, ψr(ξ) = log(1 + ‖ξ‖ ), ξ ∈ C .
There exists a locally finite Stein open covering {Ui}i of X, Ui X, integers mi,ni and
fi as above. These induce plurisubharmonic functions ϕi :π−1(Ui) → R canonically ob-
tained from ψmi . These are vertical exhaustion functions, that is, for any compact L ⊂ Ui ,
ϕi |π−1(L) is exhaustive and if θ ∈ C0(X,R) is strongly plurisubharmonic, then ϕi + θ ◦ π
is strongly plurisubharmonic on π−1(Ui).
Moreover, they have the following key property: for any pair of indices i and j and any
compact K ⊂ Ui ∩ Uj , the difference function ϕi − ϕj is bounded on π−1(K).
These ϕi can be easily patched and yield a continuous function Φ ∈ C0(E,R). Take
ψ ∈ C0(X,R) be exhaustive and strongly plurisubharmonic. Then Φ + χ(ψ ◦ π) be-
comes a strongly plurisubharmonic exhaustion function on E, for a suitable χ ∈ C∞(R,R)
rapidly increasing and convex. 
3. Proof of Theorem 2
First we recall (see [4, Lemma 2.3.2]):
Lemma 5. Let X be a Stein space and K ⊂ X compact. Let Ω X be a Runge open set
containing K . Put L := Ω .
Let alsoF ,G be coherent analytic sheaves on X, µ :F → G a surjectiveOX-morphism.
Then there is a constant C > 0 such that, for any s ∈ H 0(X,G) and any constant τ > 0,
there is a section s˜ ∈ H 0(X,F) such that µ(s˜) = s and
‖s˜‖K  C‖s‖L + τ.
(The norms are defined, as usual, by a locally finite Stein covering {Ui} of X and pre-
sentations
OpiUi →F |Ui → 0 and O
qi
Ui
→ G|Ui → 0.)
Now, to proceed with the proof, let X and f be as in the hypothesis of Theorem 2. Thus,
by Lemma 4, H 1(X,OX) vanishes the canonical restriction map ρt :O(X) → O(Xt ) is
surjective. Notice that there is no loss in generality if we assume that, for any t ∈ C the
analytic set Xt := f−1(t) is rare (we can readily discard the irreducible components of X
on which f is constant).
Lemma 6. For any compact K ⊂ X, there exists a compact L ⊂ X, K ⊂ L, with the
following property: For each t ∈ C, there is a constant Ct > 0 such that, for any g ∈O(Xt )
and any constant τ > 0 there is an extension G = Gt,τ ∈O(X) of g, i.e., ρt (G) = g, with
‖G‖K Ct‖g‖L∩Xt + τ.
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Proof. We follow the idea of [4, Lemma 2.5, pp. 52–54]. Let U = {Ui}i∈I be a locally
finite covering of X by relatively compact open Stein sets. There are compact sets Ki ⊂
Ui, i ∈ I0, such that K ⊂ ⋃i∈I0 Ki , where I0 ⊂ I is a finite set. Since H 1(X,OX) = 0,
hence the coboundary map,
δ :C0(U,OX) → Z1(U,OX), {gi}i →
{
(gi − gj )|Ui∩Uj
}
ij
,
is surjective. By the open mapping theorem, there exist compact neighborhoods K ′i ⊂ Ui
of Ki , i ∈ I0, and a constant C > 0 such that, for any {gij }ij ∈ Z1(U,OX) and any constant
τ > 0 there exists {gi}i ∈ C0(U,OX) with δ({gi}i ) = {gij }ij and
max
i∈I0
‖gi‖Ki  C max
i,j∈I0
‖gij‖K ′i∩K ′j + τ. (0)
Now, consider t ∈ C and the following three families of surjective morphisms (depending
on t):
(a) OX → (f − t) induced by the multiplication with f − t ,
(b) OX →OX/(f − t), the canonical restriction map,
(c) OX/(f − t) →OX/It , where It is the ideal sheaf defining Xt .
Applying Lemma 5 we get successively (it is important to note that the compact sets
appearing below do not depend on t):
(a) There exists compact neighborhoods K ′ij ⊂ Uij of K ′i ∩K ′j , i, j ∈ I0, such that, for any
t ∈ C, there exists a constant C′t > 0 such that, for any ξij ∈OX(Uij ) and any constant
τ > 0 one has:
‖ξij ‖K ′i∩K ′j  C′t
∥∥(f − t)ξij∥∥K ′ij + τ, ∀i, j ∈ I0. (1)
(b) Take compact neighborhoods E′i ⊂ Ui of K ′i , i ∈ I0, such that K ′ij ⊂ E′i ∩ E′j for
i, j ∈ I0. There are compact neighborhoods Ei ⊂ Ui of E′i , i ∈ I0, such that, for any
t ∈ C, there exists C′′t > 0 such that for any hi ∈ H 0(Ui,OX/(f − t)) and any τ > 0
there are extensions h˜i ∈ H 0(Ui,OX) of hi with
‖h˜i‖E′i C′′t ‖hi‖Ei∩Xt + τ, ∀i ∈ I0. (2)
(c) There are compact neighborhoods Li ⊂ Ui of Ei , i ∈ I0, such that, for any t ∈ C, there
exists C′′′t > 0 such that for any gi ∈ H 0(Ui,OX/It ) and any constant τ > 0 there are
extensions hi ∈ H 0(Ui,OX/(f − t)) of gi such that
‖hi‖Ei C′′′t ‖gi‖Li∩Xt + τ, ∀i ∈ I0. (3)
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Now, we are in a position to conclude Lemma 6. Let t ∈ C and g ∈ O(Xt ). We re-
0 0gard g as an element of H (X,OX/It ). Let {hi}i ∈ C (U,OX/(f − t)) be extensions of
{g|Ui∩Xt }i that satisfy (3). Then let {h˜i}i ∈ C0(U,OX) be extensions of {hi}i satisfying (2).
There exists {gij }ij ∈ C1(U,OX) such that h˜i − h˜j = (f − t)gij , for i, j ∈ I . Since
X is reduced and Xt rare, it follows that {gij }ij ∈ Z1(U,O). Therefore, there exists
{gi}i ∈ C0(U,OX) such that (see (0)):{
gij = gi − gj , ∀i, j ∈ I,
maxi∈I0 ‖gi‖Ki  C maxi,j∈I0 ‖gij‖K ′i∩K ′j + τ.
It is easily seen that h˜i − (f − t)gi ∈O(Ui), i ∈ I , patch together and yield G ∈O(X).
Clearly, ρt (G) = g. Let L := ⋃i∈I0 Li . The desired estimation of ‖G‖K follows by
straightforward computations using the above inequalities; in fact we get:
‖G‖K  Ct‖g‖L∩Xt + τBt ,
where Ct and Bt are constants depending only on C,C′t ,C′′t ,C′′′t , ‖f − t‖K ′i , i, j ∈ I0, but
not on τ , whence the lemma. 
Lemma 7. Let t0 ∈ C. Then, for any compact K ⊂ X, there exists a compact L ⊂ X and a
constant ε > 0 such that, for any t ∈ C, |t − t0| ε, one has:
K̂
O(Xt )
t ⊂ L.
Proof. There is no loss in generality if we take t0 = 0. Since X0 is Stein and ρ0 surjec-
tive, by [7] (see theorem and lemma on p. 220) one has the following fact. Let n be the
complex dimension of X0; let ∆n(r) be the polydisc in Cn of radius r > 0. There exists
a holomorphic map π :X → Cn such that its restriction π0 :X0 → Cn has the following
property. Let ∆n(r) be the polydisc in Cn of radius r . Fix r > 0 such that ‖π‖ < r on
K ∩ X0 and the union A0 of the connected components of A := π−10 (∆(r)) meeting K is
compact and open in A. Thus there exists a relatively compact open neighborhood V of A0
in X such that A ∩ ∂V = ∅. Thus ‖π‖ > r on the compact set X0 ∩ ∂V ; hence if ε > 0 is
small enough we have ‖π‖ > r on Xt ∩ ∂V and K ∩Xt ⊂ V for any |t| ε.
Therefore Ωt := {x ∈ Xt ∩ V ; ‖π(x)‖ < r} contains Kt and is a union of connected
components of {x ∈ Xt ; ‖π‖ < r}; this last set being Runge in Xt , Ωt is also Runge in Xt .
Thus K̂O(Xt )t ⊆ Ωt , whence Lemma 7 if we take L := V and ε as above. 
Lemmas 6 and 7 imply easily that X is holomorphically convex, hence Stein since X
does not admit compact analytic set of positive dimension.
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